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Uniform generalized Schönﬂies theorem
We prove a general theorem on transitive topological group actions that give rise to almost
Cˇech-complete homogeneous spaces. This theorem implies the known open mapping
theorems whose proof is a Baire category argument. As an application, we prove the
uniform generalized Schönﬂies theorem generalizing Wright (1969) [19, Theorem 3].
© 2010 Elsevier B.V. All rights reserved.
A completely regular space is almost Cˇech-complete if it contains a dense Cˇech-complete subspace [1]. This class of
spaces is preserved under open continuous surjections and closed irreducible continuous surjections between completely
regular spaces [1, 4.3.4 and 4.3.5]. In this paper we consider transitive topological group actions that give rise to almost
Cˇech-complete homogeneous spaces.
The paper is divided into two sections. In Section 1, we obtain our main theorem, Theorem 1.1, which implies the known
open mapping theorems whose proof depend on a Baire category argument. In Section 2, we apply our theorem to prove
the uniform generalized Schönﬂies theorem generalizing [19, Theorem 3]. This application does not need the full force of
Theorem 1.1, in fact it uses only the classical Effros theorem [12, Theorem 2.1] concerning transitive Polish (= completely
metrizable separable) group actions on metric spaces. Nevertheless, it is a noteworthy application of transitive topological
group actions. The basic concepts to be used in our proofs will be introduced as needed and the reference for each concept
will be mentioned along with. In particular for the basic topological notions we refer to [3] and [4].
1. Main theorem
In this section we prove our main theorem concerning transitive topological group actions, Theorem 1.1. As corollaries,
we obtain all the known open mapping theorems whose proof comes from a Baire category argument.
Theorem 1.1. Let G be a topological group (not necessarily Hausdorff ) acting continuously and transitively on a Hausdorff topological
space X. For all x ∈ X let Gx be the stabilizer x and let ux : G/Gx → X be the canonical continuous bijection deﬁned by the map
G  g → g.x and suppose that:
(i) G/Gx is an almost Cˇech-complete space, and
(ii) for all ∅ = U open ⊆ G/Gx, ((ux(U ))−)◦ = ∅,
then ux is a homeomorphism.
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Claim 1. For all ∅ = U open ⊆ G/Gx,ux(U ) is non-meager.
Proof. Since ((ux(U ))−)◦ = ∅, it follows that if M rare ⊆ X , then (ux)−1(M) rare ⊆ G/Gx (since otherwise ∅ =
ux((((ux)−1(M))−)◦) ⊆ ux(((ux)−1(M))−) ⊆ M− and ∅ = ((ux((((ux)−1(M))−)◦))−)◦ ⊆ ((M)−)◦ which is absurd), so that
if M meager ⊆ X , then (ux)−1(M) meager ⊆ G/Gx . Our claim follows since G/Gx is Baire. 
Claim 2. For all ∅ = U open ⊆ G/Gx, ux(U ) ⊆ ((ux(U ))−)◦ .
Proof. Let (ϕx)−1(U ) = V and let g ∈ V , then there exists 1 ∈ W open symmetric ⊆ G such that gW 2 ⊆ V . Since ux ◦ϕx(W )
is non-meager by Claim 1, we have ux ◦ ϕx(W ) ∩ ((ux ◦ ϕx(W ))−)◦ = ∅. Hence, ux ◦ ϕx(g) = g.ux ◦ ϕx(1) ∈ g.W−1.((ux ◦
ϕx(W ))−)◦ open ⊆ (ux ◦ ϕx(V ))− . 
Claim 3. G/Gx has a basisB such that for all ∅ = U ∈B , ux(U ) is approachable ⊆ X [4, TGIX.112, Ex. 6].
Proof. Let A be a dense Cˇech-complete ⊆ G/Gx and let ∅ = U open ⊆ G/Gx , then










It follows that ux|A : A → ux(A) is a homeomorphism [8, Corollary 1].
Since ux(A) is a dense Cˇech-complete ⊆ X , a Hausdorff space, then it is a dense Gδ ⊆ X [15].
Now (ux)−1|ux(A) : ux(A) → G/Gx is continuous and X\ux(A) is meager [4, TGIX.115, Ex. 22] shows that ux(U ) is ap-
proachable. 
To establish our assertion, it suﬃces to show that for any neighborhood V of 1 in G , we have ux ◦ ϕx(V ) is a neigh-
borhood of x in X [3, TGIII.12, Proposition 5]. Let 1 ∈ W open symmetric ⊆ G such that W 2 ⊆ V and ϕx(W ) ∈ B , then
ux ◦ ϕx(W ) is a non-meager ⊆ X by Claim 1 and Claim 3 shows that there exists O open ⊆ X such that the symmetric
difference Oux ◦ϕx(W ) is meager. We observe that G acts on G/Gx by left translation and on X also on the left and ux is
a G-equivariant continuous bijection.
Note that W .x ∩ O = ux ◦ ϕx(W ) ∩ O = ∅, hence x ∈ W−1.O. Also, if z ∈ W−1.O, then W .z ∩ O = ∅ and ∅ =
(ux)−1(W .z ∩ O) = W .(ux)−1z ∩ (ux)−1O open ⊆ G/Gx . It follows that W .z ∩ O non-meager ⊆ X and (W .z ∩ O)\(W .z ∩
ux ◦ϕx(W )) ⊆ O\ux ◦ϕx(W ) meager ⊆ X . Hence W .z∩ ux ◦ϕx(W ) = ∅ and z ∈ W−1.ux ◦ϕx(W ). Therefore x ∈ W−1.O open
⊆ W−1.ux ◦ ϕx(W ) ⊆ ux ◦ ϕx(V ). 
Recall that a completely regular space is Cˇech-analytic if it is the result of the Souslin operation on Borel sets in some
(equivalently, any) compactiﬁcation. This class of spaces was introduced by Fremlin in [13], to which we refer for the basic
facts about Cˇech-analytic spaces.
Corollary 1.2. (Generalizes [6, Theorem 4].) Let G be a topological group (not necessarily Hausdorff ) acting continuously and transi-
tively on a Hausdorff topological space X. For all x ∈ X let Gx be the stabilizer x and let ux : G/Gx → X be the canonical continuous
bijection deﬁned by the map G  g → g.x and suppose that:
(i) G/Gx is a Baire Cˇech-analytic space, and
(ii) for all ∅ = U open ⊆ G/Gx, ((ux(U ))−)◦ = ∅,
then ux is a homeomorphism.
Proof. G/Gx is almost Cˇech-complete [5, Remark 2.5]. Theorem 1.1 applies. 
Let us remark here that Q is a Lindelöf Cˇech-analytic topological group and there exists a Hausdorff topological group H
and a continuous algebraic isomorphism u : Q → H such that for all ∅ = U open ⊆ Q, ((u(U ))−)◦ = ∅ which is NOT open
[16, p. 413]. That is, the Baire condition in Corollary 1.2 is necessary.
Corollary 1.3 (Classical open mapping theorem). A continuous surjective linear map between completely metrizable topological vector
spaces over R is open.
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linear map. This gives rise to the action G × H  (g,h) → a(g).h ∈ H and kera = G1, hence a induces u1 : G/G1 → H .
Note that G/G1 is completely metrizable [4, TGIX.25, Proposition 4] and if 1 ∈ U open ⊆ G , then G = ⋃n1 n.U , hence
((a(U ))−)◦ = ∅ since H is non-meager. Therefore ((u1(U ))−)◦ = ∅ for any U open ⊆ G/G1. Corollary 1.2 applies. 
A completely regular space is K -analytic iff it is the result of the Souslin operation on closed sets in some (equiva-
lently, any) compactiﬁcation [14, 422G+422H]. In particular Souslin spaces are K -analytic [14, 422G]. For these concepts our
reference is again [14].
The following corollary generalizes [18, Theorem 1.2] which in turn generalizes Effros theorem [12, Theorem 2.1].
Corollary 1.4. (Generalizes [18, Theorem 1.2].) Let G be a topological group (not necessarily Hausdorff ) acting continuously and tran-
sitively on a Hausdorff non-meager topological space X. For all x ∈ X let Gx be the stabilizer x and let ux be the canonical continuous
bijection ux : G/Gx → X deﬁned by the map G  g → g.x and suppose that G/Gx is K -analytic, then ux is a homeomorphism.
Proof. G/Gx is Lindelöf [14, 422G]. It follows that for all ∅ = U open ⊆ G/Gx , ux(U ) is non-meager.
Let B be a basis of G/Gx consisting of co-zero sets, then for all ∅ = U ∈B , ux(U ) and X\ux(U ) are K -analytic and the
separation theorem for K -analytic sets [14, 422J] shows that ux(U ) is Borel, hence approachable ⊆ X [4, TGIX.69, Lemma 8].
Now Claims 1 to 3 in Theorem 1.1 have been established in this case and the remainder of the proof goes through and
proves our assertion. 
Corollary 1.5 (H. Glöckner). (Generalizes [4, TGIX.55, Prop. 6].) Let G be a σ -compact group (not necessarily Hausdorff ) acting con-
tinuously and transitively on a Hausdorff non-meager space X. For all x ∈ X let Gx be the stabilizer x and let ux be the canonical
continuous bijection ux : G/Gx → X deﬁned by the map G  g → g.x, then ux is a homeomorphism.
Proof. G/Gx is K -analytic. Corollary 1.4 applies. 
2. An application
In this section we obtain a nice application of transitive topological group actions. We prove the uniform generalized
Schönﬂies theorem for any n which generalizes [19, Theorem 3] in Theorem 2.2. As mentioned in the introduction, although
our proof of this result uses only Effros theorem [12, Theorem 2.1], it is a noteworthy application of transitive topological
group actions.
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Proof. By Schönﬂies theorem E f (S1, S2) = E(S1, S2), so we may assume that n 3.
Note that if f is approximated by embeddings in each of its complementary domains, then Sn − f (Sn−1) is 1-ULC [9,
Theorem 4.5]. It follows from [2] for n = 3, [17] for n = 4 and [10] for n 5 that f ∈ E f (Sn−1, Sn). Therefore, E f (Sn−1, Sn) =⋂
k1{ f ∈ E(Sn−1, Sn): there exists f1, f2 ∈ E(Sn−1, Sn) such that d( f i, f ) < 1k for i = 1,2 and f (Sn−1) separates f1(Sn−1)
and f2(Sn−1) in Sn} is a Gδ ⊆ E(Sn−1, Sn), where d is the Euclidean distance on Sn . 
The following theorem generalizes [19, Theorem 3] to all n.
Theorem 2.2 (Uniform generalized Schönﬂies theorem). Let g ∈ E f (Sn−1, Sn), then for all ε > 0, there exists δ > 0 such that if
f ∈ E f (Sn−1, Sn) with d( f , g) < δ, then there exists K ∈ H(Sn) (= E(Sn, Sn)) with d(K ,1) < ε such that K ◦ g = f .
Proof. Note that C(Sn, Sn) is a Polish space by [4, TGX.24, Theorem 1] and [4, TGX.7, Theorem 1], hence H(Sn), being
a Gδ ⊆ C(Sn, Sn), is a Polish group by [4, TGX.30, Proposition 11] and [4, TGIX.58, Theorem 1]. Similarly, by virtue of
Lemma 2.1, E f (Sn−1, Sn) is a Polish space, hence non-meager [4, TGIX.55, Theorem 1].
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our assertion follows from Corollary 1.4. 
Theorem 2.2 shows that [20, Lemma 1] holds in the case Mn−1 = Sn−1, hence the evaluation map H(Sn) → E f (Sn−1, Sn)
is a Serre ﬁbration by the proof of the main theorem in [20].
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